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a b s t r a c t
This paper presents the effect of endoscope on peristaltic transport of fractional Maxwell
fluids through the gap between two concentric uniform tubes under the assumptions
of large wavelength and low Reynolds number. The inner tube is an endoscope and the
outer tube has a sinusoidal wave traveling down its wall, i.e. the inner tube is rigid and
outer tube is flexible. Solutions for the problem are obtained by two numerical methods
named as homotopy perturbation method and variational iteration method. The impacts
of endoscope, relaxation time and fractional parameters on pressure per wavelength and
friction force (on inner and outer tubes) per wavelength are discussed with the help of
computational results which are presented in graphical form. On the basis of the present
study, it is revealed that pressure diminishes with increase in the magnitude of first
fractional parameter, ratio of tube radii and relaxation time whereas it enhances with
increasing the magnitude of second fractional parameter and amplitude ratio. The study
further reveals the important fact that the effects of all pertinent parameters (except ratio of
tube radii) on friction force at inner tube are similar in magnitude but opposite in direction
to that of pressure and the effects of same parameters on friction force at outer tube are
similar in magnitude but opposite in direction to that of pressure.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The flow of bio-fluids such as urine through ureters, passage of chyme in intestines, swallowing of food bolus in
esophagus, blood flow through blood vessels takes place due to the propagation of electrochemically generatedwaves along
the vessels containing fluids. This typical mechanism is referred to as peristalsis. Biomechanical pumps have been fabricated
deriving ideas from this mechanism that preserves the purity of the contents from machinery parts such as piston during
operation. Recently, several mechanical pumps are prepared on the basis of peristalsis to save energy. These types of pumps
play important role in engineering.
An endoscope is a medical device consisting of a long, thin, flexible (or rigid) tube which has a light and a video camera
attached to it at one end. Using this device, images of the insides of the patient’s body can be seen on a screen. The
whole endoscopy is recorded so that doctors can check it again for diagnosis. Endoscopy is a minimally invasive diagnostic
medical procedure. Some authors [1–8] studied the effect of endoscope on peristaltic flow of Newtonian fluid with constant
viscosity/variable viscosity and non-Newtonian fluids such as power law fluid, Jeffrey fluid, micro-polar fluid, couple stress
fluid, third grade fluid and Oldroyd-B fluids through the gap between two concentric tubes, where the inner tube is rigid
and outer tube is flexible. They have also discussed the effects of magnetic field, heat transfer and non-Newtonian behavior
on pressure and friction force (on inner and outer tubes).
In rheology, viscoelastic models with fractional time derivatives have played an important role to study the valuable
tool of viscoelastic properties. In general, fractional Maxwell model is derived from knownMaxwell model by replacing the
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ordinary derivatives of stress–strain relationship by derivatives of fractional order. Some investigations on unsteady flows
of viscoelastic fluids with fractional Maxwell model, fractional generalized Maxwell model, fractional second grade model,
fractional Oldroyd-B model, fractional Burgers’ model and fractional generalized Burgers’ model through channel/ annulus/
tube have been reported in Refs. [9–23]. They obtained the solutions for velocity field and the associated shear stress by
using Laplace transform, Fourier transform, Weber transform, Hankel transform and discrete Laplace transform. Fetecau
et al. [24] have recently studied the flow of a viscoelastic fluid with fractional Maxwell model subject to a time dependent
shear stress. More recently, Liu et al. [25] have discussed the unsteady Couette flow of a generalized Oldroyd-B fluid with
fractional derivative under the effect of magnetic field.
Homotopy perturbationmethod [26] and variational iterationmethod [27] are two techniques to provide an analytic so-
lution as well as numerical approximate solutions of linear and nonlinear differential equations with time fractional deriva-
tives without linearization or discretization. They are particularly valuable tools for scientists and applied mathematicians.
Recently, Tripathi et al. [28,29] have studied the influence of fractional parameter and material constants on peristaltic
transport of viscoelastic fluids with fractional Maxwell model and fractional Burgers’ model, respectively, under the
assumptions of long wavelength and low Reynolds number. They have obtained approximate analytical solutions by using
homotopy perturbation and Adomian decomposition methods. Further, Tripathi [30] extended the investigation [28] for
generalized fractional Maxwell fluids. Motivated from the above investigations, we intend to study the peristaltic flow
fractional Maxwell fluids through the gap between concentric uniform tubes. The analysis has been carried out under
the assumptions of long wavelength and low Reynolds number. Solutions are obtained by using homotopy perturbation
method (HPM) and variational iteration method (VIM). The effects of endoscope, relaxation time and fractional parameters
on pressure and friction force (on inner and outer tubes) are discussed numerically. This investigation is applicable in
biomedical science and engineering.
2. Mathematical model
The geometry of two wall surfaces are mathematically modeled [see Fig. 1] as
h˜1 = a1, (1)
h˜2 = a2 + b sin 2π
λ
(x˜− ct˜), (2)
where a1, a2 are the radii of the inner and outer tubes, b is the amplitude, λ is the wavelength, c is the wave velocity and t˜
is the time.
The constitutive equation of shear stress–strain relationship of fractional Maxwell fluids is given by
1+ λ˜α1
∂α
∂ t˜α

τ˜ = Gλ˜β1
∂βγ
∂ t˜β
, (3)
where λ˜1, τ˜ , γ are the relaxation time, shear stress, shear strain, G = µ
λ˜1
is the shear modulus, µ is the viscosity, and α, β
are the fractional parameters such that 0 < α ≤ β ≤ 1. This model reduces to ordinary Maxwell model if α = β = 1 and
Classical Navier–Stokes model when α = 0, β = 1.
The governing equations of the motion for the fractional Maxwell fluids are given by
ρ

1+ λ˜α1
∂α
∂ t˜α

Du˜
Dt˜
= −

1+ λ˜α1
∂α
∂ t˜α

∂ p˜
∂ x˜
+ µλβ−11
∂β−1
∂tβ−1

1
r˜
∂
∂ r˜

r˜
∂ u˜
∂ r˜

+ ∂
2u˜
∂ x˜2

,
ρ

1+ λ˜α1
∂α
∂ t˜α

Dv˜
Dt˜
= −

1+ λ˜α1
∂α
∂ t˜α

∂ p˜
∂ r˜
+ µλβ−11
∂β−1
∂tβ−1

∂
∂ r˜

1
r˜
∂
∂ r˜
(r˜ v˜)

+ ∂
2v˜
∂ x˜2

,
∂ u˜
∂ x˜
+ 1
r
∂(r˜ v˜)
∂ r˜
= 0,

(4)
where DDt˜ ≡ ∂∂ t˜ + u˜ ∂∂ x˜ + v˜ ∂∂ r˜ . For carrying out further analysis, we introduce the following non-dimensional parameters:
x = x˜
λ
, r = r˜
a2
, t = ct˜
λ
, λ1 = cλ˜1
λ
, u = u˜
c
,
v = v˜
cδ
, h1 = h˜1a2 =
a1
a2
= ε,
h2 = h˜2a2 = 1+ φ sin 2π(x− t), γ =
a2
λ
, φ = b
a2
, p = p˜a
2
µcλ
,
Q = Q˜
πa2c
, Re = ρca2γ /µ

(5)
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Fig. 1. Geometry of the problem. h1 is the radial displacement of inner (rigid) wall from center line and h2 is the radial displacement of outer (flexible)
wall. c is the wave velocity.
where γ , ρ, ε, φ, Re are the wave number, fluid density, ratio of tube radii, amplitude ratio, Reynolds number, respectively
and r, u, v, p, Q stand for radial coordinate, axial velocity, radial velocity, pressure, and volume flow rate, respectively.
Applying the long wavelength and low Reynolds number approximations in Eq. (4), we get
1+ λα1
∂α
∂tα

∂p
∂x
= λβ−11
∂β−1
∂tβ−1

∂2u
∂r2
+ 1
r
∂u
∂r

,
∂p
∂r
= 0,
∂u
∂x
+ 1
r
∂(rv)
∂r
= 0.

(6)
The boundary conditions are
u = 0 at r = h1, u = 0 at r = h2. (7)
Integrating twice Eq. (6) with respect to r , we get
∂β−1u
∂tβ−1
= r
2
4
λ
−(β−1)
1

1+ λα1
∂α
∂tα

∂p
∂x
+ C1 log r + C2 (8)
where C1 and C2 are arbitrary functions of xwhich are obtained using Eqs. (7) into Eq. (8). The values of C1 and C2 are
C1 =
λ
−(β−1)
1

1+ λα1 ∂
α
∂tα

∂p
∂x

h22−h21
4

log(h2/h1)
, (9)
C2 =
λ
−(β−1)
1

1+ λα1 ∂
α
∂tα

∂p
∂x

h21 log(h2)−h22 log(h1)
4

log(h1/h2)
. (10)
The volume flow rate is defined as Q =  h2h1 rudr , which, by virtue of Eqs. (8)–(10), reduces to
∂β−1Q
∂tβ−1
= −λ
−(β−1)
1
16

1+ λα1
∂α
∂tα

∂p
∂x
[
(h22 − h21)

h22 + h21 +
h22 − h21
log(h2/h1)
]
. (11)
The transformations between the wave and the laboratory frame, in the dimensionless form, are given by
X = x− t, R = r, U = u− 1, V = v, θ = Q −

h22 − h21
2

, (12)
where the left side parameters are in the wave frame and the right side parameters are in the laboratory frame.
The following are the existing relations between the averaged flow rate, the flow rate in the wave frame and that in the
laboratory frame:
Q¯ = θ + 1+ φ
2
2
− ε2 = Q −

h22 − h21
2

+ 1+ φ
2
2
− ε2. (13)
Eq. (11), in view of Eq. (13) gives
∂α
∂tα

∂p
∂x

+ 1
λα1
∂p
∂x
= −16λβ−α−11
∂β−1
∂tβ−1
 Q¯ +

h22−h21
2

− 1− φ22 + ε2
(h22 − h21)

h22 + h21 + h
2
2−h21
log(h2/h1)

 . (14)
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3. Solution of problem by homotopy perturbation method
Eq. (14) can be written as
∂α f
∂tα
+ 1
λα1
f = −λβ−α−11
∂β−1
∂tβ−1
(A), 0 < α ≤ 1, (15)
where
f = ∂p
∂x
, A = 16


h22−h21
2

− 1− φ22 + ε2
(h22 − h21)

h22 + h21 + h
2
2−h21
log(h2/h1)


and the initial condition is
f (x, 0) = 0. (16)
According to the HPM, we construct the following homotopy
∂α f
∂tα
= q
[
− 1
λα1
f − λβ−α−11
∂β−1
∂tβ−1
(A)
]
, (17)
where the homotopy parameter q is considered as a small parameter (q ∈ [0, 1]). Now applying the classical perturbation
technique, we can assume that the solution of Eq. (15) can be expressed as a power series in q as given below
f = f0 + qf1 + q2f2 + q3f3 + q4f4 + · · · . (18)
When q → 1, Eq. (17) corresponds to Eqs. (15) and (18) becomes the approximate solution of Eq. (15). Substituting Eq. (18)
in Eq. (17) and comparing the like powers of q, we obtain the following set of linear differential equations
q0 : Dαt f0 = 0, (19)
q1 : Dαt f1 = −
1
λα1
f0 − λβ−α−11
∂β−1
∂tβ−1
(A), (20)
q2 : Dαt f2 = −
1
λα1
f1, (21)
q3 : Dαt f3 = −
1
λα1
f2, (22)
q4 : Dαt f4 = −
1
λα1
f3, (23)
and so on.
The method is based on applying the operator Jαt (the inverse operator of Caputo derivative D
α
t ) on both sides of
Eqs. (19)–(23), then we obtain
f0(x, t) = 0, (24)
f1(x, t) = −Aλβ−α−11
tα−β+1
Γ (α − β + 2) , (25)
f2(x, t) = Aλβ−2α−11
t2α−β+1
Γ (2α − β + 2) , (26)
f3(x, t) = −Aλβ−3α−11
t3α−β+1
Γ (3α − β + 2) , (27)
f4(x, t) = Aλβ−4α−11
t4α−β+1
Γ (4α − β + 2) . (28)
Proceeding in this manner, the components fn, n ≥ 0, of the HPM can be completely obtained and the series solutions are
thus entirely determined.
Finally, we approximate the analytical solution f (x, t) by the truncated series
f (x, t) = lim
N→∞ΦN(x, t), (29)
whereΦN(x, t) =∑N−1n=0 fn(x, t).
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4. Solution of problem by variational iteration method
Eq. (15) can be also written as
Dt f + 1
λα1
D1−αt f + λβ−α−11 D1−αt

∂β−1
∂tβ−1
(A)

= 0. (30)
According to the variational iteration method, we consider the correction functional in t-direction in the following form
fn+1 = fn +
∫ t
0
(ξ)

Dξ (fn)+ 1
λα1
D1−αξ (fn)+ Aλβ−α−11
ξα−β
Γ (α − β + 1)

dξ . (31)
It is obvious that the successive approximation fj, j ≥ 0 can be established by determining the Lagrange multiplier . The
function f˜n is a restricted variation, which means δ f˜n = 0. The successive approximation fn+1(x, t), n ≥ 0, of the solution
f (x, t) will be readily obtained upon using the Lagrange multiplier and by using any selective function f0. The initial value
f (x, 0) is usually used for selecting the zeroth approximation f0. To find the optimal value of λ, we have
δfn+1(x, t) = δfn(x, t)+ δ
∫ t
0
(ξ)

Dξ (fn(x, ξ))+ 1
λα1
D1−αξ (fn(x, ξ))+ Aλβ−α−11
ξα−β
Γ (α − β + 1)

dξ . (32)
This yields the stationary conditions
1+ (ξ)|ξ=t = 0 and ′(ξ)|ξ=t = 0, (33)
which gives
λ(ξ) = −1. (34)
Substituting this value of Lagrangian multiplier in Eq. (31), we get the following iteration formula
fn+1(x, t) = fn(x, t)−
∫ t
0

Dξ (fn(x, ξ))+ 1
λα1
D1−αξ (fn(x, ξ))+ Aλβ−α−11
ξα−β
Γ (α − β + 1)

dξ . (35)
Beginning with an initial approximation f0(x, t) = f (x, 0) = 0, we obtain the following successive approximations while
using Eq. (35).
f0(x, t) = 0, (36)
f1(x, t) = −Aλβ−α−11
tα−β+1
Γ (α − β + 2) , (37)
f2(x, t) = −Aλβ−α−11
tα−β+1
Γ (α − β + 2) + Aλ
β−2α−1
1
t2α−β+1
Γ (2α − β + 2) , (38)
f3(x, t) = −Aλβ−α−11
tα−β+1
Γ (α − β + 2) + Aλ
β−2α−1
1
t2α−β+1
Γ (2α − β + 2) − Aλ
β−3α−1
1
t3α−β+1
Γ (3α − β + 2) , (39)
f4(x, t) = −Aλβ−α−11
tα−β+1
Γ (α − β + 2) + Aλ
β−2α−1
1
t2α−β+1
Γ (2α − β + 2)
− Aλβ−3α−11
t3α−β+1
Γ (3α − β + 2) + Aλ
β−4α−1
1
t4α−β+1
Γ (4α − β + 2) . (40)
Using this procedure for sufficiently large value of n, we get fn(x, t) as an approximation of the exact solution. Thus, the
solutions are same obtained by HPM and VIM.
The pressure difference and friction force (on the inner and outer tubes) across the one wavelength are given by
1p =
∫ 1
0
∂p
∂x
dx, (41)
Finn =
∫ 1
0
h21

−∂p
∂x

dx, (42)
Fout =
∫ 1
0
h22

−∂p
∂x

dx. (43)
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Fig. 2. Pressure vs. averaged flow rate for various values of α at φ = 0.5, ε = 0.1, β = 4/5, t = 1, λ1 = 1.
Fig. 3. Pressure vs. averaged flow rate for various values of β at φ = 0.5, ε = 0.1, α = 1/5, t = 1, λ1 = 1.
Fig. 4. Pressure vs. averaged flow rate for various values of φ at α = 1/5, ε = 0.1, β = 4/5, t = 1, λ1 = 1.
5. Numerical results and discussion
This section presents the numerical features of viscoelastic and fractional characteristics on pressure per wavelength
(1p), friction force on the inner tube (Finn) and friction force on the outer tube (Fout ). Figs. 2–16 are drawn to show the
influence of all pertinent parameters on peristaltic flow pattern. Figs. 2–6 show the variations of pressure per wavelength
(1p) against averaged flow rate (Q¯ ). The relation between pressure and averaged flow rate is linear. It is also worth
mentioning that increase in the averaged flow rate falls with the pressure and thus maximum flow rate is achieved at
zero pressure and maximum pressure occurs at zero averaged flow rate. The different regions, on the basis of the values
of pressure gradient, are defined in the present study; the region for 1p > 0 is entire pumping region, the region for
1p = 0 is free pumping zone and the region for 1p < 0 is co-pumping region. Figs. 6–10 illustrate the friction force on
inner tube across one wavelength (Finn) with averaged flow rate (Q¯ ). Figs. 12–16 are drawn for friction force on outer tube
across one wavelength (Fout ) versus averaged flow rate (Q¯ ). The relation between friction force and averaged flow rate is
also found to be linear.
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Fig. 5. Pressure vs. averaged flow rate for various values of ε at φ = 0.5, α = 1/5, β = 4/5, t = 1, λ1 = 1.
Fig. 6. Pressure vs. averaged flow rate for various values of λ1 at φ = 0.5, ε = 0.1, α = 1/5, β = 4/5, t = 1.
Fig. 7. Friction force on inner tube vs. averaged flow rate for various values of α at φ = 0.5, ε = 0.1, β = 4/5, t = 1, λ1 = 1.
In order to illustrate the effects of fractional parameters (α&β), amplitude ratio (φ), ratio of tube radii (ε) and relaxation
time (λ1) on the pressure rise (1p) against averaged flow rate (Q¯ ), Figs. 2–6 have been prepared. Fig. 2 depicts that pressure
decreases with increase in the magnitude of first fractional parameter (α). From Fig. 3, it is revealed that the pressure
increases with increase in the magnitude of second fractional parameter (β). Fig. 4 shows that the effect of amplitude ratio
(φ) on pressure is similar to that of β . The effects of tube radii ratio (ε) and relaxation time (λ1) on pressure are presented
in Figs. 5 and 6. It is observed that the effects of both parameters on pressure are similar to that of the effect of α, i.e., the
pressure diminishes with increase in ε and λ1.
Figs. 7–11 present the variation of friction force with averaged flow rate for different values pertinent parameters. It
can be seen that the effect of increasing the flow rate is to enhance the frictional force. As expected, Fig. 7 shows that
friction force reduces in magnitude with rise in first fractional parameter. The influence of the second fractional parameter
on friction force is shown in Fig. 8. It is found that the effect of second fractional parameter on friction force is opposite to
that of the first fractional parameter. Fig. 9 shows that with an increase in the amplitude ratio, the magnitude of the friction
force increases. Fig. 10 indicates that the magnitude of friction force reduces with the reduction in ratio of tube radii. The
effect of relaxation time on friction force is shown in Fig. 11 and it is found that the friction force diminishes with increase
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Fig. 8. Friction force on inner tube vs. averaged flow rate for various values of β at φ = 0.5, ε = 0.1, α = 1/5, t = 1, λ1 = 1.
Fig. 9. Friction force on inner tube vs. averaged flow rate for various values of φ at α = 1/5, ε = 0.1, β = 4/5, t = 1, λ1 = 1.
Fig. 10. Friction force on inner tube vs. averaged flow rate for various values of ε at φ = 0.5, α = 1/5, β = 4/5, t = 1, λ1 = 1.
in the relaxation time. The direction of friction force is opposite to that for the pressure under all the pertinent parameters.
The effects of all physical parameters (α, β , φ, ε and λ1) on the friction force on the outer tube versus averaged flow rate are
shown through Figs. 12–16. The observations regarding the effects α, β , φ, ε and λ1 on friction force on the outer tube are
similar in magnitude but opposite in direction to that of pressure.
6. Concluding remarks
The effects of endoscope, viscoelastic behavior and fractional parameters on the peristaltic transport are discussed
numerically in the above section. On the basis of presented analysis, some interesting observations have been made as
follows.
• Pressure diminishes by increasing the magnitude of the first fractional parameter (α).
• The behavior of the second fractional parameter (β) on the pressure is opposite to that of α.
• An increase in the magnitude of amplitude ratio (φ) increases the pressure.
• Pressure reduces with increase in the magnitude of ratio of tube radii (ε) and relaxation time (λ1).
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Fig. 11. Friction force on inner tube vs. averaged flow rate for various values of λ1 at φ = 0.5, ε = 0.1, α = 1/5, β = 4/5, t = 1.
Fig. 12. Friction force on outer tube vs. averaged flow rate for various values of α at φ = 0.5, ε = 0.1, β = 4/5, t = 1, λ1 = 1.
Fig. 13. Friction force on outer tube vs. averaged flow rate for various values of β at φ = 0.5, ε = 0.1, α = 1/5, t = 1, λ1 = 1.
Fig. 14. Friction force on outer tube vs. averaged flow rate for various values of φ at α = 1/5, ε = 0.1, β = 4/5, t = 1, λ1 = 1.
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Fig. 15. Friction force on outer tube vs. averaged flow rate for various values of ε at φ = 0.5, α = 1/5, β = 4/5, t = 1, λ1 = 1.
Fig. 16. Friction force on outer tube vs. averaged flow rate for various values of λ1 at φ = 0.5, ε = 0.1, α = 1/5, β = 4/5, t = 1.
• The effects of emerging parameters (α, β , φ and λ1) on friction force at the inner tube and pressure are similar in
magnitude but opposite in direction and the effect ε on friction force is opposite in magnitude to that of pressure.
• The behaviors of said parameters on friction force at the outer tube and pressure are similar in magnitude but opposite
in direction.
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